By introducing two kinds of gaugeon fields, we extend Yokoyama's Type I gaugeon formalism for quantum electrodynamics. The theory admits a q-number gauge transformation by which we can shift the gauge parameter into arbitrary numerical value; whereas in the original theory we cannot change the sign of the parameter. The relation to the Type II theory is also discussed.
Introduction
In the standard formalism of canonically quantized gauge theories [1, 2] we cannot consider the gauge transformation freely. There exists no gauge freedom in the quantum theory, since the quantum theory is defined only after the gauge fixing. Namely, a Hilbert space defined in a particular gauge is quite different from those in other gauges. Thus, if we want to realize the quantum gauge freedom, we need a wider Hilbert space.
Yokoyama's gaugeon formalism [3] - [9] provides a wider framework in which we can consider the quantum gauge transformation among a family of Lorentz covariant linear gauges. In this formalism a set of extra fields, so called gaugeon fields, is introduced as the quantum gauge freedom. This theory was first proposed for the quantum electrodynamics [3] - [5] to resolve the problem of gauge parameter renormalization [10] . It was also applied later to the Yang-Mills theory [6, 9] . Thanks to the quantum gauge freedom of this formalism, the gauge parameter independence of the physical S-matrix becomes manifest [7] . It has also been shown, with the help of certain conjecture, that the wave-function renormalization constant is gauge independent in this formalism [8] .
There are two types of the gaugeon theory, which Yokoyama and Kubo [4] called Type I and Type II theory. The Lagrangian of the Type I gaugeon formalism for electromagnetic field A µ coupled to charged field ψ is given by 1) and the Lagrangian of Type II theory is
with L inv being the gauge invariant Lagrangian
where
is the B-field of Nakanishi-Lautrup [1] , Y and Y * are the gaugeon field and its associated field, 1 α is the gauge parameter in this formalism and L matt is the Lagrangian for the matter field ψ minimally coupled to A µ . The parameter ε in Type I Lagrangian (1.1) is a sign factor (ε = ±1). Namely, Type I theory can be classified further into two types, which we denote in this paper by Type I + and Type I − corresponding to the sign ε. The gauge parameter of the standard formalism, which we denote by a in the present paper, can be identified with a = εα 2 for Type I theory and with a = α for Type II theory. For example, these Lagrangians yield the photon propagator as
for Type I, (1.5)
In particular, α = 0 corresponds to Landau gauge (a = 0) and α = 1 (with ε = +1 for Type I) gives Feynman gauge (a = 1).
Both Lagrangians admit the q-number gauge transformation. Under the field trans-
with τ being a parameter, the Lagrangians is form invariant, that is, they transform as
where φ A stands for any of the fields andα is defined bŷ
The form invariance (1.8) means that φ A andφ A satisfy the same field equation except
for the parameter α which should be replaced byα for theφ A field equation. Thus, we can shift the gauge parameter by the q-number gauge transformation. The sign factor ε in Type I theory, however, cannot be changed by any transformation.
We should ensure that the extra gaugeon modes do not contribute to the physical processes. In fact, the gaugeon fields exhibit dipole character and thus yield negative normed states that would lead to the negative probability [3] . To remove these unphysical gaugeon modes Yokoyama imposed a Gupta-Bleuler type subsidiary condition [3] , which is not applicable if interaction exists for gaugeon fields. Yokoyama's subsidiary condition has been improved by introducing BRST symmetry for gaugeon fields in Ref. [11] for
Type II theory and in Ref. [12] for Type I theory. In these BRST symmetric gaugeon formalisms, unphysical gaugeon modes as well as unphysical photons are removed by the single Kugo-Ojima type condition which is applicable even if interaction exists.
Comparing both types of the formalism with each other, we observe the following aspects:
1. Although the shift of α (1.9) is common for both type theories, the standard gauge parameter a appearing in the propagator shifts differently:
We can shift the parameter a into arbitrary value in the Type II theory. In the Type I theory, however, we cannot change the sign of a. From the view point of 2, we may consider that Type I theory is preferable to Type II theory. The property 1, however, implies that the framework of the Type I theory is not wide enough, since we have to consider two different Hilbert spaces corresponding to the sign of a.
The main purpose of the present paper is to extend the Type I gaugeon formalism so that we can shift the gauge parameter a freely into arbitrary value. For this end, we introduce two sets of gaugeon fields Y i and Y i * (i = 1, 2), each of which is accompanied by numerical parameter α i .
The paper is organized as the following. In §2, we propose an extended gaugeon formalism which has the following properties: (1) the gauge parameter a appearing in the propagator can be shifted quite freely by the q-number gauge transformation; (2) if we put α 1 = α 2 = 0, the gaugeon sector of the Lagrangian decouples from the rest and the remaining sector coincides with the Landau-gauge Lagrangian of the standard formalism; (3) the theory is BRST symmetric. In §3, we see that our theory is a combined theory of Type I + and Type I − gaugeon formalism. The relation to the Type II theory is discussed in §4. By using various BRST charges we show that the Hilbert space of our formalism has a subspace which can be identified with the total space of Type II formalism. Section 5 is devoted to summary.
Extended Type I theory
We start from the Lagrangian given by
where c and c * are usual FP ghosts, Y i and Y i * (i = 1, 2) are two sets of gaugeon fields, K i and K i * are FP ghosts for the gaugeon fields [11, 12] and α i 's are the numerical parameters. Field equations which follow from (2.1) are
2)
where i = 1, 2 and j µ is the conserved current defined by j µ = ∂L matt /∂A µ .
Our theory can be considered as an extension of Type I theory. The Lagrangian (2.1)
yields the photon propagator (1.4) with
Hence, if we put
, it becomes a = εα 2 , which is nothing but the expression for a (1.5) of Type I theory. Furthermore, if we put α 1 = α 2 = 0, the gaugeon sector decouples from the rest in (2.1), and the remaining sector is identical with the Landau-gauge Lagrangian of the standard formalism. This is the characteristic of the Type I theory.
The Lagrangian (2.1) is invariant under the following BRST transformation:
which obviously satisfies the nilpotency, δ 2 B = 0. Because of the nilpotency, the BRST invariance is easily seen if we rewrite the Lagrangian as
BRST charge corresponding to this transformation is expressed by This subsidiary condition removes the gaugeon modes as well as the unphysical photons from the physical subspace; Y i and Y i * together with K i and K i * constitute BRST quartets.
We define the q-number gauge transformation bŷ
where τ i 's are the parameters of the transformation. Under this transformation, the Lagrangian is form invariant:
where φ A stands for any of the fields andα i 's are defined bŷ
Note that this q-number gauge transformation commutes with the BRST transformation (2.4). As a result, the BRST charge (2.6) is invariant under the q-number transfor-
and therefore the physical subspace V phys is also invariant:
(2.12)
Relation to Type I theory
As mentioned in last section, our theory can be considered as an extension of Type I gaugeon formalism. This will be understood more clearly if we rewrite the Lagrangian as the following. Let us consider the field redefinition as
and by similar definition we introduce K ± and K ± * . Using these fields the Lagrangian (2.1) can be written as
with parameters α ± defined by
The q-number gauge transformation (2.8) becomeŝ
together with the parameter shiftsα 5) where the parameters of the transformation τ ± are given by τ ± = (τ 1 ± τ 2 )/ √ 2. As seen from (3.2) 
which can take both signs.
Relation to Type II theory
We have seen in the preceding sections that in our extended Type I theory the gauge parameter a appearing in the propagator can take both signs. This is the characteristic of Type II theory. So, one may expect that the Type II theory is included as a kind of sub-theory in the present formalism. We discuss below such relation.
Remembering that the gaugeon sector never decouples in Type II formalism, we assume that at least one of the parameters α 1 and α 2 in (2.1) differs from zero. For simplicity, we assume α 1 = 0 in this section. Then, we can consider the following field rescaling:
Under this rescaling, Y 1 * Y 2 * -term and kinetic terms for gaugeon fields are invariant and the Lagrangian becomes
Here we have introduced α defined by
since the parameters α 1 and α 2 appear only in this combination after the field rescaling.
Note that one may obtain the Lagrangian (4.2) also by taking special values for α 1,2 in (2.1) as
Now let us consider the q-number gauge transformation. Since we have assumed α 1 = 0 (or α 1 = 1/2), we restrict the transformation that does not shift α 1 . Then, the transformation is given byÂ 5) under which the parameter α shifts asα 6) where the parameter τ of the transformation is related to τ 2 by τ = 2α 1 τ 2 .
Since the field rescaling (4.1) commutes with the BRST transformation, the Lagrangian (4.2) is invariant under (2.4). We decompose this BRST transformation as 
In §2, we have taken (2.7) as a physical subsidiary condition. Instead of it, we may choose the condition as
We denote the space of states satisfying (4.8) by V
phys . It can be easily seen that this space is a subspace of V phys defined in §2:
As seen below, the space V
phys can be considered as a physical subspace of BRST symmetric Type II theory [11] . Furthermore, if we define a subspace V (II) of total space V by Let us show the statement mentioned above. We notice the following three facts: 
Summary
By introducing two kinds of gaugeon fields Y i and Y i * and two numerical parameters α i (i = 1, 2), we have proposed an extended Type I gaugeon formalism for quantum electrodynamics. The gauge parameter a = εα 2 appearing in the propagator has been replaced by a = 2α 1 α 2 through this extension. As a result, the parameter a can be shifted into arbitrary value by the q-number gauge transformation in the present formalism.
From the original Type I gaugeon formalism, our theory inherits the following property:
If we put α 1 = α 2 = 0, the gaugeon sector in the Lagrangian decouples from the rest and the theory becomes manifestly equivalent to the Landau-gauge standard formalism. This property can be easily understood since, as shown in §3, our theory is a combined theory of Type I + and Type I − gaugeon formalism.
The present formalism also includes Type II theory in the following sense. By the help of BRST-like symmetries, we have defined a subspace V (II) which can be identified with the total space of the Type II theory. Thus the Hilbert space of the Type II theory is embedded in that of the present formalism.
